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Using the energy-momentum complexes of Einstein, Bergmann-Thomson, Landau-Lifshitz (LL),
Møller and Papapetrou we have tried to solve energy-momentum and colliding plane wave problems
for Bertotti-Robinson (BR) space-time (it has been also a subject of an extensive study in the con-
text of the so-called colliding plane wave problem in General relativity) in General Relativity (GR).
Moreover Einstein, Bergmann-Thomson and Landau-Lifshitz (LL) energy-momentum prescriptions
have been discussed in Teleparallel Gravity (TP). While Møller and Bergmann-Thomson complexes
give exactly same results other energy-momentum complexes do not provide same energy densities.
Also we get that both general relativity and teleparallel gravity are equivalent theories.
PACS:04.20.Cv,04.20.+q,04.40.Nr,04.50.+h
1 Introduction.
One of the most interesting questions which remains unsolved in the general theory of relativity and
teleparallel gravity is the energy-momentum localization. This subject continues to be an open one be-
cause there is no given yet a generally accepted expression for the energy momentum density. After
Einstein[1] first introduced energy-momentum complexes, different energy-momentum complexes were
constructed, including those of Tolman[2], Papapetrou[3], Bergmann-Thomson[4], Møller[5], Landau-
Liftshitz[6], Weinberg[7], Qadir-Sharif[8] and the tele-parallel gravity analogs of the Einstein, Landau-
Lifshitz, Bergmann-Thomson[9] and Møller’s[10]. Vargas [9] used Einstein and Bergmann-Thomson
energy-momentum definitions in teleparallel gravity and found that the total energy is zero in FRW
space-time. His results are the same as those calculated in general relativity. Saltı and his collaborators
[11]-[14] considered various space-times in teleparallel gravity and obtain energy-momentum densities.
The energy-momentum complexes give meaningful results when we transform the line element in quasi-
Cartesian coordinates. The energy and momentum complex of Møller gives the possibility to perform
the any coordinate system[15]. The issue of the energy-momentum localization by use of the energy-
momentum complexes was revived by Virbhadra’s pioneering work[16]. However many researchers have
studied in detail energy-momentum problem in the theory of general relativity and teleparallel gravity
by using different space times and different definitions.[17]
Aygu¨n et al.[18],[19] have investigated energy-momentum problem in general relativity and teleparallel
gravity for different space-times and various definitions and the results agree with each other in both
theories.
∗corresponding author:saygun@comu.edu.tr
The plan of the paper is as follows. In the next section, we review Bertotti-Robinson type space-
time. In section III, by using Einstein, Bergmann-Thomson, Landau-Lifshitz, Møller and Papapetrou
energy-momentum complexes we calculate the total energy of the Bertotti-Robinson type space-times in
general relativity. In section IV we get total energy-momentum of the Bertotti-Robinson type space-time
in teleparallel gravity. At the last, we summarize and discuss our results.
2 The Bertotti-Robinson (BR) Space-time




(−dt2 + dr2 + r2dθ2 + r2 sin2 θdφ2) (1)
The line element (1) is a non-singular solution of Einstein-Maxwell equations with a uniform elec-
tromagnetic field such that FabF
ab = q2 = constant. The Bertotti-Robinson universe has been also a
subject of an extensive study in the context of the so-called colliding plane wave problem in General
Relativity [22] (and the references therein). Here the main idea is that the line element (1) can be seen
as produced in a non-linear interaction (collision) of two plane electromagnetic waves with constant, not
necessarily equal, profiles. To put the metric into the form convenient from the point of view of the
colliding wave problem one performs the following co-ordinate transformation [23]





t− r = − tanh[1
2
sech−1(cos(au+ bv)) + y
2q
]
θ = pi/2− (bv − au)
φ = x/q,
(2)
where q = 1√
2ab
. With this we obtain:
ds2 = −2dudv + cos2[au− bv]dx2 + cos2[au+ bv]dy2, (3)
where au < pi/2, bv < pi/2, −∞ < x, y < ∞ and a and b are the positive constants related to the
strengths of the incoming electromagnetic plane waves. In these co-ordinates, and extended into the plane
wave regions by introducing u → uΘ(u) and v → vΘ(v), where Θ(u) and Θ(v) are the usual Heaviside
functions, the line element is called the Bell-Szekeres solution. This solution represents the collision of
two electromagnetic plane waves with different amplitudes and constant polarization [24].
It is well known that if the calculations are performed in quasi-Cartesian coordinates, all the energy-
momentum complexes give meaningful results. According to the following transformations
r =
√
x2 + y2 + z2, θ = arccos(z/
√
x2 + y2 + z2), φ = arctan(y/x), t = t.




(dx2 + dy2 + dz2 − dt2) (4)
where r2 is equal to r2 = x2 + y2 + z2 in Eq. (4). For the above metric the determinant of the metric





















3 Energy-momentum in General Relativity
In this section, we introduce Einstein, Bergmann-Thomson, Landau-Lifshitz, Møller and Papapetrou
energy-momentum definitions, respectively.
3.1 Einstein’s Energy-momentum Complex





where the Einstein’s superpotential χkli is of the form
χkli =
gin√−g [−g(g
knglm − glngkm)],m (7)
§00 and §0α are the energy and momentum density components, respectively. The energy-momentum




In order to calculate the energy and momentum densities in Einstein’s complex associated with the
































3.2 Bergmann-Thomson’s Energy-momentum Complex





















ξ00 and ξ0α are the energy and momentum density components. In order to calculate ξ00 and ξ0α for Weyl























Using the components (12) into Eq. (10), we get the energy and momentum densities for the space-time
under consideration, respectively, as follows












3.3 Landau-Lifshitz’s Energy-momentum Complex





where Υikjl with symmetries of the Riemann tensor and is defined by
Υikjl = −g(gijgkl − gilgkj). (15)
The quantity £00 represents the energy density of the whole physical system including gravitation
and £0α represents the components of the total momentum (energy current) density.
In order to evaluate the energy and momentum densities in Landau-Lifshitz’s prescription associated
with the metric (4), we evaluate the required components of Υikjl
Υ0101 = Υ0202 = Υ0303 = − q4
r4
. (16)















3.4 Møller’s Energy-momentum Formulation









where the antisymmetric super-potential λναµ is
λναµ =
√−g[gµβ,γ − gµγ,β]gνγgαβ (20)
The locally conserved energy-momentum complex Mνµ contains contributions from the matter, non-
gravitational fields. M0
0
is the energy density and M0α are the momentum density components. The




Pµ give momentum components P1, P2, P3 and P0 gives the energy. Using the metric in Eq.(4), we











From Eqs.(22) and (18) we obtain









3.5 Papapetrou’s Energy-momentum Formulation







√−g(gµνηαβ − gµαηνβ + gαβηµν − gνβηµα) (25)
Σ0
0
is the energy density, Σ0µ are the momentum density components, and Σ
µ
0
are the components of








here Pµ give momentum components P 1, P 2, P 3 and P 0 gives the energy distribution. Using the line
element Eq.(4), we found the required components of Nµναβ


















4 Energy-momentum in TeleParallel Gravity
In teleparallel gravity, spacetime is represented by the Weitzenbo¨ck manifold W 4 of distant parallelism
[25]. This gravitational theory naturally arises within the gauge approach based on the group of the
spacetime translations [9]. In the theory of the tele-parallel gravity, gravitation is attributed to torsion[26],
which plays the role of a force[27], and the curvature tensor vanishes identically. Accordingly, at each
point of this manifold, a gauge transformation is defined as a local translation of the tangent-space
coordinates,
xa → x′a = xa + γa,





















Where as the tangent space indices arised and lowered with the Minkowski metric ηab, the space-time






A nontrivial tetrad field induces on space-time a teleparallel structure which is directly related to
the presence of the gravitational field. The parallel transport of the tetrad haµ between two neighboring
points is encoded in the covariant derivative







is the Weitzenbo¨ck connection. This connection is presenting torsion, but no curvature. The torsion of
the Weitzenbo¨ck connection is defined by
Tαµν = Γ
α
νµ − Γαµν . (34)
The Lagrangian of the teleparallel equivalent of general relativity is given by
L = LG + LM =
c4h
16piG
SρµνTρµν + LM ,
where h = det(haµ), LM is the Lagrangain of a source field and S






T µρν − T νρµ)+ e3
2
(
gρνT σµσ − gµρT σνσ
)
. (35)
is a tensor written in terms of Weitzenbo¨ck connection. In the above form e1, e2 and e3 are the three
dimensionless coupling constants of teleparallel gravity.








, e3 = −1. (36)
The energy-momentum complexes of Einstein, Bergmann-Thomson and Landau-Lifshitz in teleparallel
























where Ω µλν is the Freud’s super-potential and defined as follows
Ω µλν = hS
µλ
ν (38)

















where P0 is the energy, Pi (i = 1, 2, 3) are the momentum components and the integration hypersurface
Σ is described by x0 = t constant.



































gαβ (∂µgβν + ∂νgβµ − ∂βgµν) . (42)































The corresponding non-vanishing torsion components are obtained as




























Using these results with Eq. (35), the non-vanishing components of the tensor Sµνλ are obtained as













From Eq. (38), the non-vanishing components of Freud’s super potential are calculated as





























Substituting Eq. (46) into Eq. (37), we get Einstein, Bergmann-Thomson and Landau-Lifshitz energy-








































These results are exactly same as our energy-momentum definitions in general relativity for Ein-
stein, Bergmann-Thomson and LL definitions. All results have been summarized in Table.1, Table.2 and
Figure.1.
Table.1 The energy and momentum densities for BR space-time in Einstein’s theory of general relativity.
General Relativity Energy Density Momentum Density












































Table.2 Energy and momentum densities for Bertotti-Robinson space-time in Tele-parallel gravity.
































For Einstein theory of general relativity and teleparallel gravity in Bertotti-Robinson space-time, the
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Figure 1: The Variation of Energy Density Prescriptions for BR metric (q=1)
5 Discussions
In this work, the energy-momentum densities are obtained in both theory of general relativity and the
theory of teleparallel gravity. We used different energy-momentum complexes, specifically these are the
energy-momentum complexes of Einstein, Bergmann-Thomson, Landau-Lifshitz, Møller and Papapetrou.
We found that, the energy distributions in Einstein, Bergmann-Thomson and LL’s formulations are found
exactly the same in both of general relativity and teleparallel gravity moreover in general relativity except
Møller (M00 ) and Bergmann-Thomson (ξ
0









) but provide the momentum densities in general relativity and
teleparallel gravity. Also the energy density of Einstein is different than those of Bergmann-Thomson
and Møller complexes with a sign of minus. This paper show that; both general relativity and teleparallel
gravity are equivalent theories, i.e., the energy-momentum densities are the same, using different energy-
momentum complexes, in both theories. These solutions have been summarized in Table.1 and Table.2.
and showed in fig.1.
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